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SUMMARY 
An approximate mathematical description of the tensile test is given for a material that is strain hardening and 
strain rate sensitive, Three phases of the deformation are distinguished: (I) nearly homogeneous deformation up to 
maximum load, (II) gradual localization of the deformation at nearly constant load, and (II1) necking. The analysis 
realistically approximates: load, extension curves; post-uniform elongation; incipient neck size; and neck profiles. 

1. Introduction 

In recent years there have been dramatic advances in the technology of sheet metal forming 
and in the analysis of such problems. As examples, consider superplastic or creep forming of 
titanium, and the mapping of formability limit diagrams. These developments, in turn, have 
led to increased efforts to understand plastic instability--the process that most often limits 
formability. Necking of a ductile tension specimen prior to fracture is probably the most 
familiar example of plastic instability. It also seems to be the simplest situation in which 
strain localization occurs. Consequently, much of the recent work on plastic instability 
relates to the tension test. 

The classic treatment of the phenomenon now known as plastic instability was published 
by Considere [1] in 1885. However, Considere's result is only applicable to strain rate 
insensitive materials. In the early 1960's American attention became focussed on the 
dramatic suppressions of plastic instability that could occur in strongly rate-sensitive 
materials. Backofen, Turner and Avery [2] were among the first to attempt to quantify the 
effect of strain rate sensitivity. 

Subsequently, Hart  [3] developed a more general, unified analysis of the tension test. In 
Hart's analysis the material constitutive relation includes strain hardening and strain rate 
sensitivity. Plastic stability is defined in terms of the hardening and rate-sensitivity 
parameters of the constitutive relation and plastic instability is defined as any violation of 
the criterion for stability. Hart  does recognize, however, that instability in this sense need 
not be catastrophic but could proceed to localize the plastic deformation at a very slow rate. 
Shortly afterwards, Campbell [4] also put forward a theory of plastic instability in rate- 
sensitive materials. Campbell structured his analysis in terms of an axial strain gradient in 
the specimen. Most subsequent analyses of the problem have used Hart's analysis, or 
Campbell's, or both as starting points. See, for example, Jonas and co-workers [5, 6]. Later, 
Argon [7] introduced a more general material constitutive relation into the problem. 

Hutchinson and Obrecht [8] made an important conceptual advance. They adopt the 

Journal of Engineering Math., Vol. 12 (1978) 365-379 



366 P. P. Gillis and S. E. Jones 

Hart approach of comparing two cross sections of different areas but abandoned the Hart 
criterion for stability. Instead, they calculated the strain history in the larger cross section up 
to the time to failure of the smaller. Hutchinson and Neale [9] refined this concept to define 
the critical state for necking as being when the largest cross section ceases to deform. 
However, calculations by Ghosh [10] indicate that in rate-sensitive materials pronounced 
necking is suppressed until long after the largest cross section stops deforming. Ghosh 
himself defines tensile deformation as being stable so long as it is accompanied by a load rise 
[11]. Despite their differences, both Ghosh and Hutchinson conclude that material strain 
rate sensitivity can lead to significant delay in necking. 

In the present paper, the effect of strain rate sensitivity on the tensile deformation of a 
round bar is assessed. The general approach is that of Hart [3] but the criterion for plastic 
instability is the formation of a neck, that is, severe localization of the deformation. In a rate- 
insensitive material a neck can form immediately upon reaching the maximum load. 
However, this cannot occur in a rate-sensitive material because deformation localization 
would increase the strain rate and, therefore, the stress at the neck which would increase the 
load. Instead, the deformation proceeds through a stage of steadily increasing non- 
homogeneity. The increase of strain rate is compensated by a decrease of cross sectional area 
to prevent the load from rising. Finally, the deformation becomes sufficiently localized that a 
distinct neck forms and the load drops rapidly. 

An approximate analysis of this process is developed in terms of three distinct phases: (I) 
nearly homogeneous deformation up to maximum load, (II) gradual localization of the 
deformation at constant load, and (III) necking. Pieced together these form a realistic 
approximation to actual load, extension curves for round tensile specimens of rate sensitive 
materials. 

2. Material 

We consider a material whose behavior is governed by a relation of the form: 

Ad/d = N Aa/a  - G Ae (1.1) 

where the stress, a, strain, e, and strain rate, ~, are defined in the next section. The symbol A 
denotes change in the indicated variable. That change can be in space or time and can be 
finite. Furthermore, the functions N and G are experimentally determined and in general 
will depend upon a, ~, zia, Ae, and AL Under quasi-static loading, temperature changes 
caused by adiabatic heating are not considered to be significant and are, therefore, omitted 
in the determination of N and G. Strain is also omitted. For, although the state of the 
material changes with strain, the state is not measured by the strain, as shown by Hart [12]. 

A strain hardening parameter is now defined as y = G/N, which is obviously a function of 
all the variables listed above. Similarly, a strain rate sensitivity parameter is defined as v 
= 1IN. In terms of these parameters equation (1.1) can be recast as 

d a / a  = 7Ae + vAd/~ (1.2) 

which is assumed to describe the material response to tensile deformation. 
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3. Phase I 

The initial deformation stage consists of relatively homogeneous straining up to the 
maximum load. However, the presence of initial variations in specimen cross section leads 
to relatively small inhomogeneities in the deformation. The analysis of this phase consists of 
comparing two ~tifferent cross sections of the bar at some fixed time during the deformation. 

Let the initial cross sectional area of one cross section be denoted by A o and let A be the 
area of this section under some load P less than the maximum load In.  The strain measure 
to be employed is defined by 

e - ln(Ao/A ) (2.1) 

which agrees quite accurately with the usual notion of axial strain when the deformation is 
isochoric. The corresponding measure of strain rate is 

g = - A/A (2.2) 

where the superposed dot denotes differentiation with respect to time. The stress measure to 
be employed is the mean section stress defined by 

=- P/A (2.3) 

which, as the most convenient quantity, is the stress measure most often used in actual 
practice. 

Let the initial area of another cross section be denoted by A o + AA o = A0(1 + AAo/Ao) 

and let A + AA = A(1 + AA/A) be the area of this section under the load P. We denote the 
strain of this cross section as e + Ae and by analogy with (2.1) 

e + Ae = ln[Ao(1 + AAo/Ao)/A(1 + AA/A)]. (2.4) 

Thus, the difference in strains between the two cross sections is 

Ae = ln[(1 + AAo/Ao)/(1 + AA/A)]. 

Differentiation of (2.5) with respect to time gives 

(2.5) 

Ag = A A A / A 2  - A A / A  - ( A / A ) ( A A / A  - AA/A)  
1 + A A / ~  = 1 + AA/A ' (2.6) 

so that 

~ / ~  = (AA/A - AA/A)/(1 + AA/A). (2.7) 

The stress at this second cross section is denoted by a + Aa = a(1 + Aa/a) and equals 

P/[A(1 + AA/A)] where the load P is the same as at the first cross section, as given by 
equation (2.3). Consequently, (1 + Aa/a)(1 + AA/A)  = 1 and 

Aa/a = - (AA /A) / (1  + AA/A)  (2.8) 

describes the relative stress difference between the two arbitrary cross sections. 
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Substitution of the kinematic expressions in (2.5) and (2.7) and the equilibrium require- 
ment (2.8) into (1.2) gives 

I + A A / A  - 7 1 n  l + - d - ~ - J  + [_ I + A A / A  J" (2.9) 

Rearranging equation (2.9) and solving for A/ t /A  gives 

v(,tA/A) = (v - 1)(AA/A) - ~,(1 + A A / A ) I n  [(1 + dAo/ao)/(1 + AA/A)] .  (2.10) 

Equation (2.10) shows that the two arbitrary cross sections under consideration will in 
general be deforming at different rates (AA ~ 0). Only for the case AA o = 0 can equation 
(2.10) admit of a solution AA = 0 when AA = 0. Consequently, either a nonuniform strain 
rate distribution exists in the specimen during this phase of deformation, or a nonuniform 
strain distribution exists, or both. Thus, we arrive at maximum load with a spatial variation 
in e and i along the specimen. 

The condition for the occurrence of maximum load is given by equation (2.10) interpreted 
some,/vhat differently than in the paragraph above. Imagine comparing section A at some 
time t, with itself at some later time t + At > t. Then if we require that as At --, 0 the load P at 
t + At be the same as the load at t, i.e., dP/dt = 0 at t, the algebra of the analysis is almost 
exactly the same as the previous development. The differences are that certain A quantities 
become d quantities as At is made small and we may, without loss of generality, choose a 
cross section for which AA o = 0. Since (1 + dA/A)  is close to unity its logarithm is dA/A and 
from (2.10) the condition for maximum load is 

vdA/A -- (v - 1)dA/A - y(1 + d A / A ) d A / A  (2.11) 

where the term dA/A can be neglected in comparison to unity in the coefficient of ~. Thus, 
the maximum load criterion is 

y = 1 - v - (v/g)(&4/dA) (2.12) 

which approximates Hart's criterion, y = 1 - v, whenever IdA/dAI ,~ g and is certainly 
Considere's criterion, y = 1, when v -- 0. 

4. Phase II 

This phase is characterized approximately by a period of constant load and gradual 
concentration of the deformation into the vicinity of that cross section which is straining 
fastest at the beginning of this phase. In this section of the analysis we need consider only 
that one cross section which we call the critical cross section. We let the subscript H denote 
conditions at the critical section at the maximum load. 

As the strain at this section increases from e X to e the cross sectional area decreases from 
A o exp { -  en} to A o exp {-e} .  For the load to remain constant: 

P/PH = 1 (3.1) 

the stress here must increase from a H to a = a H exp {e - en}. 
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Now the increments in stress, strain and strain rate in going from the reference state at 

time t ,  to a later state at time t > t ,  are 

A a / a  = (a  - a n ) / a n  = a / a  n - 1 = exp {e - eu} - 1, 

• ~ : F, - -  ~ H ,  

A i / i  = (g - i , ) / g  n = i / i  n - 1. 

(3.2) 

(3.3) 

(3.4) 

Rearranging the material relation (1.2) and using (3.2)-(3.4) gives 

v i / i ,  = exp {e - e.} - 1 - y(e - e . )  + v 

so that 

(3.5) 

v d t / d t  = in[exp{e - en} - 1 - ~(~ - ~ . )  + v] (3.6) 

which can be integrated to obtain t as a function of e. For  a test at constant crosshead speed, 

S, we can accurately approximate i H by S / L ,  = ( S / L o ) e x p { - e , }  where L o is the initial 

length of the specimen. Thus: 

f~ v exp {e,} de 
(S /Lo ) ( t  - t . )  = ,~ exp{e - e~} ~ i - ~ -  eu)  + v 

(3.7) 

With the time expressed as a function of the critical strain it is quite simple to calculate the 
nominal or engineering strain, e = ( L / L  o - 1 ) ,  based upon the incorrect assumption of 
homogeneous deformation. For constant crosshead speed L = L o + S t  = L n + S ( t  - tH) so 
that 

e = exp{en} + (S /Lo) ( t  - tu )  - 1 (3.8) 

where (S /Lo ) ( t  - tu )  is obtained from equation (3.7) above. 
This phase of the deformation proceeds with increasing strain rate at the critical cross 

section, according to equation (3.6), until the deformation is focussed intensely enough that 
a neck forms here and the load subsequently decreases. 

5. Phase III 

The analysis of this phase of the deformation first assumes the existence of a well developed 
neck centered at the critical cross section. After the neck is analysed its severity is reduced 
until stress, strain and strain rate can be matched with conditions in Phase II. At this point 
the deformation mode changes from localizing under nearly constant load to necking under 
rapidly decreasing load. 

Analysis of the well developed neck is based upon the existence of an empirical 
description of the neck shape, say 

r(x ,  t)  = f ( a ( t ) ,  x )  (4.1) 
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where r is the specimen radius an axial distance x away from the critical section and a is the 
radius of the critical section. Alternatively, the cross sectional areas can be prescribed: 

A(x, t) = F(e.(t), x) (4.2) 

where e, is the strain at the critical section. 
Differentiation of equation (4.2) with respect to time gives a relation of the form: 

A(x) = (OF/Oe,)g, (4.3) 

and for realistically prescribed shapes there will be some value of x, say X, for which A 
equals zero. This value, X, defines the extent of the deforming zone, or neck, at prescribed e, 
and t. For Ixl > ISl no deformation occurs as it is physically unreasonable for A to be 
positive. 

From equations (2.2), (4.2) and (4.3) we have 

{ -~n(OF/Otn)/F, 
e ( x ) =  0, 

Ixl < IXl, 
Ixl ~ IXl. (4.4) 

Then, as all deformation is taking place within - X  < x < X and this deformation is 
symmetrical about x = 0, we can write 

S = 2 g(x)dx. (4.5) 

Upon noting that ~, is independent of x, equation (4.5) gives 

~ . = - S / ( 2 f ~ ( ~ " ) [ ( O F / O e . ) / F ] d x )  (4.6) 

as the strain rate in the critical cross section. As was the case during Phase II, this strain rate 
equation can be integrated to give the time as a function of necking strain. Let subscript J 
refer to conditions at the transition from localizing (Phase II) to necking (Phase III). Then 

(S/Lo)(t - ta) = 2 ~ ]  [ f~("") [(OF/Ot.)/F]dx]dt.. (4.7) 

The value of t j  is that for which ~., equation (4.6), equals g as given by equation (3.6). 
As during the previous phase the nominal strain can be calculated: 

e = exp {e j} + (S/Lo)(t - t j) - 1. (4.8) 

Applying the material relation (1.2) as before we have 

da/a  = (a. - an)/a n = a./a u - 1, (4.9) 

Z~e = C n - -  C H ,  (4.10) 
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f~ 
( e . )  

Ag/i = (i. - iH)/~H = i . / i  H -- 1 = --(Lo/2)exp {el l}  [(OF/Oe.)/F]dx - 1. (4.11) 

The decreasing load is P = cr.Aoexp{e.} 
= trnA o exp {en}. Consequently 

P/PH = (a./crH) exp {e. -- ell} 

whereas the formerly constant load is Pn 

(4.12) 

which from the material relation is 

[(~F/~e,)/F] dx - (4.13) P / P . = [ l  + 7 ( e . - e . ) - ( v L o / 2 ) e x p { e H }  f ~  ~", v lexp{eH--e .} .  

From the equation sets (3.1), (3.7), (3.8) and (4.13), (4.7), (4.8), the entire load (ratio) vs 
nominal strain (essentially, time, but in more convenient units) can be determined as a 
function of the parameters e and e. (which are actually the same, only e refers to Phase II 
deformation and e, to Phase III) for all strains (times) in the critical section greater than eH 
(t > t . ) .  

In the following section the details of this procedure are presented for a particular form of 
the function A(x, t) = F(e,(t), x). 

6. Example 

Neck Kinematics 

Neck profile equations of the type (4.1) have been published by Dondik [ 13] and by Argon 
et al. [14] which empirically describe actual profile measurements to a high degree of 
accuracy. An equally empirical but somewhat more directly interpretable relation is used 
here as the basis for an example calculation. In the form of equation (4.2) this relation is 

A = ~Z(ao/ke.) 2 exp{ - e~}(1 + ke. - [1 - (xkeJao) 2 exp{ - e.}]½) 2. (5.1) 

Here a o is the initial radius of the bar, k is a constant equal to 0.75, e, is the strain at the neck, 
x is current axial distance from the neck and A is the cross sectional area at x. In this form it 
is no easier to interpret than those cited above. 

Equation (5.1) derives from the observation by Bridgman [15] that the radius of 
curvature of a tensile neck in a round bar can be accurately correlated with neck strain. 
Figure 1 shows Bridgman's correlation for several materials over a wide range of neck 
strains. For the range 0.2 < e, < 2.0 the linear relation 

a / R =  ke. (5.2) 

where k = 0.75, shown as a dashed line in the figure, is an accurate representation of the 
trend of the data. We use (5.2) as the description of the geometry of the neck. 

Rather than proceed by using (5.1), which derives simply from (5.2), and the formal 
mathematical development of Section 4, the elements of the Phase III analysis can be made 
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2.5  I I I I I I I I 

1 . 5 -  ' ~[ 
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0.5 ~ 

0 I I I I I I 
0 0 .5  1.0 1.5 2 .0  2 .5  3 .0  3 .5  4 .0  

N e c k  St ra in ,  In ( A o / A )  

Figure 1. Ratio of specimen radius to radius of curvature at a neck versus strain at the neck for several different 
materials. Taken from Bridgman, Reference 15. 

clearer by employing (5.2) directly. Figure 2 shows the neck geometry. Using the Pytha- 
gorean theorem we have 

R 2 = X 2 -~- (R + a - r) 2, (5.3) 

from which 

r = R + a - [ R  2 - x 2 ]  ~. (5.4) 

Differentiation of (5.4) with respect to time yields 

1: = R + d - R R [ R  2 - x 2 ]  -½. (5.5) 

Differentiation of (5.2) with respect to time yields 

d /R  - al~/R 2 = kd n. (5.6) 

zR :: 

Figure 2. Assumed geometry of a neck. R is the radius of curvature of the osculating plane, a the minimum 
specimen radius and r the specimen radius at distance x from the minimum cross section. 
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i 
-y-× 

i , l  

Figure 3. Assumed geometry of a neck. Coordinate x defines the angle 0 and the extent X of the deforming region 
defines the angle ~. 

As the current  cross sectional area of the neck is na 2, equat ion (2.2) gives 

~, = - 2d/a. (5.7) 

Using (5.7), (5.6) and (5.2) in equat ion (5.5) we obtain 

i = - (ag,/2){ 1 + R/a + 2kRZ/a 2 - (R/a)(1 + 2kR/a)[1 - (x /R)  2] -½}. (5.8) 

The cross sectional deformation stops at that  value of x, say X, for which i = 0. F r o m  (5.8) 
we have 

(X /R)  z = 1 - (R/a)Z(1 + 2kR/a)2/(1 + R/a + 2kRZ/a2) z. (5.9) 

This limit of the deformation zone is more  conveniently taken as the angle ~b shown in Fig. 3 
with the obvious relation sin q~ = (X /R)  where X / R  is obtained from (5.9). After some 
straightforward manipulat ions 

sin • = [4k + 2a/R + a2/RZ]½/(l + aiR + 2kR/a). (5.10) 

As the current  cross sectional area at any position x within the deforming neck is nr 2, 
equation (2.2) gives 

g(x, t) = - 2f/r. (5.11) 

Substitution from (5.8), (5.4 t and (5.2) yields 

g(x, t) = i.(2k + a/R + a2/R z - (2k + a/R)[1 - (x /R)  2] -~) 
ke,(1 + a/R - [1 - (x/R)2] ~) (5.12) 
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The relative displacement rate of one face of the deforming zone with respect to the opposite 
face must equal the crosshead speed, S, of the testing machine. By symmetry: 

S = 2 f f d d x .  (5.13) 

To perform the integration we introduce a new spatial variable 0 as shown in Fig. 3, such 
that sin 0 = x/R. Then dx = R cos OdO, [ 1 -  (x/R)2] ~ = cos 0, so that using (5.12) (5.13) 
becomes 

I ~  R cos OdO 
ke.S/2g. = (2k + a/R + a2/R 2) 1 -~ a-~ ---~os 0 

fo D R dO 
- (2k + a/R) 1 + a/R - cos 0" (5.14) 

Integration gives: 

ke.S/2g. = - (2k + aiR + a2/R2)Rq~ 

+ [(2k + aiR + a2/R2)(1 + a/R) - (2k + a/R)] 

x (2R/[(a/R)(2 + a/R)] ½) t an-  1{[1 + 2R/a] ½ tan (~/2)}. (5.15) 

Now • is specified by (5.10) and from (5.10) tan(~/2)  can be found by a simple 
trigonometric identity. Furthermore, from (5.2) and the relation a = a o exp { - e,/2} we find 
that R = (ao/ke,) exp { - e  J2}. These relations and some simple algebra reduce (5.15) to the 
form 

(ke./g.)(S/Lo)(Lo/2ao) exp {e./2} 

2(2 + ke. + 2/e.) [ e.(2 + ke.) -]½ 
= [ l+2/ke .]~  t an -~L4+2e~-k -e2 -  j 

. _~ I-k(4 + 2e,, + ke2)] ½. 
- (1  + ke. + 2 / e . )  s i n  / . . . . . . . .  

k (1 + ke. + 2/e.) J 
(5.16) 

Here L o is the initial specimen length. Equation (5.16) provides the fundamental connection 
between nominal strain rate in the specimen, S/L o, and maximum strain rate in the neck, g,, 
in terms of the current neck strain, % the aspect ratio of the specimen, 2ao/L o, and the 
constant k. 

Phase II  Elongation 

For convenience we denote the right hand side of equation (5.16) by g(e.). Then the Phase 
III strain rate at the minimum cross section is 

g. = ke.(S/Lo)(Lo/2ao) exp {e./2}/g(e.) (6.1) 
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whereas the Phase  I I  strain rate, equat ion (3.5), is 

= (1/v)(S/Lo) exp{ - e u } ( e x p { e  - en} - 1 - ?(e - en) + v) (6.2) 

whenever v ~ 0. Ordinar i ly  g, will exceed i for strains very near  en. The transit ion f rom 
Phase II  to Phase  I I I  will then occur  when g. = g. For  v = 0 the transit ion occurs 
immediately  upon  reaching m a x i m u m  load. Since g f rom (6.2) becomes unbounded  in this 

case it immediate ly  exceeds i ,  f rom (6.1). 

The Phase II  to Phase  I I I  t ransit ion is governed entirely by the parameters ,  en, Lo/2ao, ~, v 
and k. Fo r  any part icular  set of these paramete rs  it is relatively simple to find the value of es 

= e, = e for which g, = ~, by s tandard  numerical  techniques. Using this value as an upper  
limit of  integrat ion in equat ion (3.7) we can then compute  the Phase I I  (post-uniform) 
elongat ion f rom 

f :J v e x p  { e n }  de 
(S/L°)(tJ - tu) = ~ exp{e - en} - 1 - y(e - en) + v" (6.3) 

This calculat ion was per formed taking e n = 0.2, Lo/2a o = 4.5 (standard,  half-inch diameter,  

round  tension specimen) and k = 0.75 for several values of v. Fo r  simplicity it was assumed 
that  the H a r t  relation, ~ = 1 - v at m a x i m u m  load, was valid. 

Results of  these calculat ions are shown in Fig. 4 and indicate a dramat ic  effect of  strain 

rate sensitivity on Phase I I  elongation.  For  v equal  to 0 there is no Phase I I  e longat ion but  

for v as small as 0.01 more  than  twenty percent pos t -uni form elongat ion is predicted by the 

e l l  

0 . 8  

o , 6 = -  

1~00.4 

0 .2  

o I I I I I ~ - v  
0.02 0.04 0.06 0.08 0.10 

Strain Rate Sensitivity 

Figure  4. Pos t -un i form e longa t ion  versus s t ra in  ra te  sensitivity.  Fo r  these ca lcu la t ions  the s t ra in  at  m a x i m u m  load  

was t aken  as e, = 0.2, the specimen aspect  ra t io  was t aken  as Lo/2a o = 4.5, and  the a p p r o x i m a t i o n  7 = 1 - v was 
used. 
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analysis. So far as we are aware this is the strongest rate-sensitivity effect calculated from 
any extant models of the process. 

We believe that a direct comparison of the results shown in Fig. 4 with experimental data 
such as that compiled by Ghosh (Fig. 4 of [16]) is not appropriate. The experimentally 
determined strain rate sensitivity parameter used by Ghosh is apparently that parameter 
denoted by Hart [17] as #. That parameter is different from v, which is defined by equation 
(1.2), and usually considerably larger than v, as pointed out by Hart. 

Load Drop 

During Phase III the time is related to the neck strain e. by (4.7) which now has the form 

(S/Lo)(t- t j) = (2ao/kLo) de./[e, exp {e,]2} 0(e,)]. (7.1) 
~d £3 

The load ratio given by (4.13) becomes 

P/PH = [1 + 7(e. -- e,) + (vkLo/2ao) exp{e./2 - eH}e./g(e,)] exp{e H -- e.}. (7.2) 

P/  
i 

1.0 

For the same values of the parameters used in the calculations for Fig. 4 load drops were 
calculated following the onset of necking. The results are shown as plots of load ratio versus 
nominal strain in Fig. 5. The dashed curve for nominal strains up to e H = exp{eH} -- 1 

indicates an unspecified response during Phase I deformation. Clearly, there should be a 
smoother transitional behavior between Phases II and III which would make the overall 
description of the deformation somewhat more precise. Nevertheless, we believe that the 

4 / 

0 . 4  - -  I O O v = O  

0 . 2  

0 . 8  

0 . 6  

I0  
2 3 4  
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Figure 5. Nondimensionalized load versus extension curves for materials of different strain rate sensitivities. The 

shape of the dashed curve to e = e ,  depends upon the variations of ~, and v during Phase I of the deformation. 
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present description is surprisingly accurate considering the simplicity of the underlying 
calculations. 

Neck Profiles 

At any time during Phase III, the portion of the neck that is actually straining is described 
by equation (5.2) as simply having a constant radius of curvature. However, this curvature 
changes with strain and those cross sections that have stopped straining also contribute to 
the shape of the specimen near the neck. To compute this overall shape consider a cross 
section in the neck that stops straining at t = v. From equations (5.4) and (5.9), after some 
algebraic simplifications and the use of (5.2), the radius of this cross section can be shown to 
be given by 

r/a o = [1 + 1/ke* - [k(4 + 2e* + ke*Z)]~/(1 + ke* + 2/e*)] exp{ -e*/2} (8.1) 

where e* = e,(r). 
For subsequent times, t > r, this cross section is embedded in one of the rigid portions of 

the specimen adjacent to the deforming neck. Since the neck is symmetrical the velocity of 
the critical cross section relative to each rigid portion of the specimen is S/2. Consequently, 
the position of the cross section under consideration, relative to the critical cross section, is 

x = X*  + (t - z)S/2 (8.2) 

where X* = X(z). From (5.9) and some straightforward algebra: 

X*  = (ao/ke*)exp{ -e*/2}[k(4 + 2e* + ke*2)]~/(1 + ke* + 2/e*). (8.3) 

Thus the profile of the entire region centered at the neck becomes 

r/ao = {~({1 + ke, - [1 - (xkc,/ao) 2 exp{e.}]½}/ke~exp{e./2}, Ix[ < X(t),  
*2 t /1  + 1/ke* - [k(4 + 2e )]~/(1 + ke* + 2/e*)} exp{ -e*/2}, Ixl > X(t).  

(8.4) 

Here for Ixl > X( t )  the connection between e* < e, and x is through equation (8.2) taking 
account of (8.3). 

Numerical calculations based upon the above equations gave the neck profiles shown in 
Fig. 6 at different stages of the Phase III deformation. Here, specimen radius is plotted vs 
axial position, both normalized with respect to the original radius of the bar. The vertical 
lines indicate the extent, X, of the deforming region at each stage. Although, the deforming 
region itself is always represented by a circular arc this geometry, in a natural way, leads to a 
change in sign of the curvature outside the deforming region. Thus, the neck profiles of Fig. 
6 seem to be reasonably accurate representations of experimentally determined profiles. 

An estimate of the incipient neck size can be made from (8.3) by letting e* reduce towards 
e H. For small values of e* the dominant term under the square root is 4k, while that in the 
denominator is 2/e*. Thus, X*  ~ (ao/ke*) exp {-e*/2}2k~/(2/e*); or 

X y  ,~ (ao/k ½) exp{-e*/2} = a~'/k -~ (8.5) 
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Figure 6. Neck profiles calculated at different stages of deformation. For these calculations the strain rate 
sensitivity parameter was taken as v--0.01 and other parameters are the same as in Fig. 5. The vertical bars 
indicate the extent of the deforming region (X) at the different stages of deformation. 

which shows that the neck initially forms over a specimen length, 2X*, approximately equal 
to the current specimen diameter (times a numerical factor of 1.15). 

7. Discussion 

The foregoing deformation analysis is quite general in the sense that it is not restricted to 
small variations in specimen cross sectional area. The analysis of Phase I indicates that the 
maximum load criterion, equation (2.12), contains an additional term not included in 
previous analyses. 

The analyses of Phases II and III are independent of the crosshead speed of the testing 
machine, so long as it is constant. Hutchinson [8, 9] noted a similar result. However, the 
material can respond differently to different testing speeds through its Phase I behaviour. 
Thus, both the stress and strain at maximum load (as well as the stress, strain relation up to 
maximum load) could be influenced by crosshead speed. 

The analysis of Phase II indicates that as the strain rate sensitivity increases, a 
considerable delay in necking can occur. The magnitude of this effect seems to be greater 
than predicted by previous analyses. 

8. Conclusions 

The present analysis realistically approximates: (1) Load, extension curves; (2) Post- 
uniform elongation; (3) Incipient neck size; and (4) Neck profiles; for both rate-sensitive and 
rate-insensitive materials. 

Journal of Em3ineering Math., Vol. 12 (1978) 365-379 



Tensile deformation o f  a round bar 379 

Acknowledgements 

This  work  was s u p p o r t e d  by  the  Air  Fo rce  Office of Scientific Research  t h r o u g h  g r a n t  no.  

A F O S R - 7 7 - 3 3 7 9  to the Un ive r s i t y  of K e n t u c k y .  The  au tho r s  are also grateful  to Dr.  E. W. 

H a r t  for s t imu la t i ng  d i scuss ions  a n d  e n c o u r a g e m e n t .  

REFERENCES 

[1] A. Considere, Mrmoire sur l'emploi du fer et de l'acier dans les constructions, Annales des Ponts et Chaussees, 
Vol. 9 (1885) 574-775. 

[2J W. A. Backofen, I. R. Turner and D. H. Avery, Superplasticity in an AI-Zn alloy, Transactions of the A.S.M., 
Vol. 57 (1964) 980-990. 

[3] E. W. Hart, Theory of the tensile test, Acta Metallurgica, Vol. 15 (1967) 351-355. 
[4] J. D. Campbell, Plastic instability in rate-dependent materials, Journal of the Mechanics and Physics of Solids, 

Vol. 15 (1967) 359-370. 
[5] J. J. Jonas, R. A. Holt and C. E. Coleman, Plastic stability in tension and compression, Acta Metallurgica, 

Vol. 24 (1976) 911-918. 
[6] J. J. Jonas and B. Baudelet, Effect of crack and cavity generation on tensile stability, Acta Metallurgica, Vol. 

25 (1977) 43-50. 
[7] A. S. Argon, Stability of plastic deformation, Chapter 7 of The lnhomogeneity of Plastic Deformation, A.S.M., 

Metals Park, Ohio (1973) 161-189. 
[8] J. W. Hutchinson and H. Obrecht, Tensile instabilities in strain-rate dependent materials, Fracture 1977, 

D.M.R., Taplin, Ed., University of Waterloo Press, Waterloo, Ontario, Vol. 1 (1977) 101-116. 
[9] J. W. Hutchinson and K. W. Neale, Influence of strain-rate sensitivity on necking under uniaxial tension, 

Acta Metallurgica, Vol. 25 (1977) 839-846, 
[10] A. K. Ghosh, A numerical analysis of the tension test for sheet metals, Metallurgical Transactions A, Vol. 8A 

(1977) 1221-1232. 
[11] A. K. Ghosh, Tensile instability and necking in materials with strain hardening and strain-rate hardening, 

Acta Metallurgica, Vol. 25 (1977) 1413-1424. 
[12] E. W. Hart, Constitutive relations for the nonelastic deformation of metals, Journal of Engineering Materials 

and Technology, Transactions of the A.S.M.E., Vol. 98, Ser. H (1976) 193-202. 
[13] I.G. Dondik, Equation of the neck profile of tensile specimens, Strength of Materials (Problemy Prochnosti 

translated from Russian Vol. 3, 1971, No. 8, pp. 54-56) translation published in 1972 as Vol. 3 (1971) 937-940. 
[14] A. S. Argon, J. Im and A. Needleman, Distribution of plastic strain and negative pressure in necked steel and 

copper bars, Metallurgical Transactions A, Vol. 6A (1975) 815-824. 
[15] P. W. Bridgman, Studies in large plastic flow and fracture, McGraw-Hill, New York, 1952. 
[16] A. K. Ghosh, The influence of strain hardening and strain-rate sensitivity on sheet metal forming, Journal of 

Engineering Materials and Technology, Transactions of the A.S.M.E., Vol. 99, Ser. H (1977) 264-274. 
[17] E. W. Hart, Theories of "superplastic" behavior, General Electric Research and Development Center Report 

No. 69-C-029, dated December 1968. 

Journal of Engineering Math., Vol. 12 (1978) 365-379 


